Abstract. Let (M, g) be an n-dimensional (n ≥ 3) closed (compact and connected) Riemannian manifold. We obtain a necessary and sufficient condition for a projectively flat connection D with a Weyl structure (D, g, ω) in the tangent bundle TM over (M, g) to be a Yang-Mills connection. Moreover, we get the fact that the condition dω = 0 is a necessary and sufficient condition for the Ricci tensor Ric D of a connection D with Weyl structure (D, g, ω) in the bundle TM over (M, g) to be symmetric, and then we get a necessary and sufficient condition for a projectively flat Einstein-Weyl connection D in the bundle TM over (M, g) to be a Yang-Mills connection.
Introduction
In the theory of Yang-Mills connections, only the metric connections in a vector bundle have been treated so far. However, Dragomir et al [2] developed a new Yang-Mills theory for arbitrary connections D in a vector bundle E with bundle metric h over a Riemannian manifold, not necessarily satisfying a metric connection, by using the concept of conjugate connection. Precisely, if D is a connection in a vector bundle E −→ M, then the connection D * given by h(D *
X s, t) = X(h(s, t)) − h(s, D X t), X ∈ X(M) and s, t ∈ (E),
(1 (the Euler-Lagrange equations of the variational principle associated with (1.2)). Note that, even if a connection D is torsion-free, then the conjugate connection D * is not torsion-free, in general. In fact, if (D, g) is a Weyl structure relative to a 1-form ω on (M, g) (see [4, 10] ), that is, Dg = ω ⊗ g(ω ∈ X * (M)), T D = 0 (torsion-free), (1.4) then D * is not torsion-free in general (otherwise ω = 0, hence D = D * is the Levi-Civita connection of (M, g) Finally, by virtue of (2.14) and Lemma 3.4, we obtain our final result. 
where c is a constant.
We would like to thank the referees for pointing out the fact that the condition H 1 (M) = {0} in Corollary 3.6 is needed.
Yang-Mills connections in a vector bundle

Yang-Mills equation in vector bundles over closed Riemannian manifold using conjugate connection
In this subsection, we treat the Yang-Mills equation in vector bundles over a closed Riemannian manifold (M, g), using the concept of conjugate connection. Let E be a vector bundle, with bundle metric h,
which are defined by
Here , is the bundle metric in p TM * ⊗ E induced by the pair (g, h)
and v g is the canonical volume form on (M, g). The following identity is elementary, yet crucial (cf. [2, 3] ):
for any ϕ ∈ A p+1 (E). Here, * :
is the Hodge operator with respect to g. In this paper, let
be a local orthonormal frame on (M, g). Note that (2.1) may also be written as [2] 
The connections D, D * ∈ C E naturally induce connections, denoted by the same symbols, in End(E) (:= E ⊗ E * ). Then, a straightforward argument shows that D, D * ∈ C End(E) are conjugate connections. The following curvature property is immediate (cf. [1, 
By virtue of the fact that Dg = ω ⊗ g, we have the following properties:
The following is well known. 
where ω := n i=1 ω(e i )e i ∈ X(M). We put α := D − ∇ ∈ (TM * ⊗ End(TM)). Then, by the definitions of the curvature tensor fields R D and R ∇ , we have, for X, Y ∈ X(M),
In general, if the torsion tensor field T D associated to a given affine connection D (∈ C TM ) is 0 (i.e. D is torsion-free), we have the first Bianchi identity as follows: 
Using (2.11), (2.12) and (2.13), we have
that is, in a closed Riemannian manifold (M, g) endowed with a Weyl structure (D, g, ω) , a necessary and sufficient condition for the Ricci tensor Ric D of the connection D to be symmetric is dω = 0. Thus, by virtue of (2.14) and Theorem 2.2, we obtain the following result.
THEOREM 2.3. Let (D, g, ω) be a Weyl structure on a closed Riemannian manifold (M, g).
If the connection D is a Yang-Mills connection in the tangent bundle TM, then the Ricci tensor Ric D is symmetric.
Projectively flat Yang-Mills connections with Weyl structure
Let M be an n-dimensional manifold. We say that two affine connections D and D are projectively equivalent if there exists a 1-form τ on M such that
We say that an affine connection D is projectively flat if D is projectively equivalent to a flat affine connection in a neighbourhood of an arbitrary point of M. Suppose that D is torsion-free and the Ricci tensor Ric D is symmetric. We define the projective curvature tensor W P by 
From (2.5), (2.7) and (3.3), we have The sum of the first and second terms on the right-hand side of (3.4) is changed into
From (3.4) and (3.5), we get
By virtue of (2.9) and (3.6), we obtain
From (2.7) and the fact that
we have
We obtain from (2.9), (3.6) and (3.8) that
In order to analyse (3.9), we have the following lemma.
LEMMA 3.1. The following statements are equivalent
Proof. Assume that
Then, Moreover, we get the following lemma, which is related to (3.9).
LEMMA 3.2. The following are equivalent: Furthermore, we obtain the following lemma.
Proof. For a (locally defined) orthonormal frame (D, g, ω) , vanishes on M. Then, by virtue of Lemma 3.4, we obtain
Moreover, from (2.14) we find that a necessary and sufficient condition for the Ricci tensor Ric D with respect to a connection D with Weyl structure (D, g, ω) to be symmetric is dω = 0. Thus, we obtain the next result. 
Then, the following hold: From (2.14) and Theorem 3.5, we get the following corollary. 
